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The low energy effective actions wfiicfi arise from string theory or M-theory are considered in the 
cosmological context, where the graviton, dilaton and antisymmetric tensor field strengths depend 
only on time. We show that previous results can be extended to include cosmological solutions 
that are related to the En Toda equations. The solutions of the Wheeler-DeWitt equation in 
minisuperspace are obtained for some of the simpler cosmological models by introducing intertwining 
operators that generate canonical transformations which map the theories into free theories. We 
study the cosmological properties of these solutions, and also briefly discuss generalised Brans-Dicke 
models in our framework. The cosmological models are closely related to p-brane solitons, which 
we discuss in the context of the En Toda equations. We give the explicit solutions for extremal 
multi-charge {D — 3)-branes in the truncated system described by the D4 = 0(4, 4) Toda equations. 



I. INTRODUCTION 

There has been considerable attention given to the 
investigation of the cosmological consequences of string 
theory. It is hoped that string theory will provide answers 
to deep questions in quantum gravity and therefore, it is 
natural that the problem of the evolution of the Uni- 
verse at early epochs be addressed in the string theory 
framework [1-4]. One of the important and intriguing 
problems for cosmology is to explain the mechanism of 
inflation. When one tries to understand inflation from 
the perspective of string theory, it is hoped that it should 
arise naturally from the theory itself. It has been recog- 
nised that the dilaton field might play an important role 
in the explanation of inflation. However, the dilaton also 
determines the coupling constant in string theory, and 
therefore it must decouple at late times so that the well- 
known results of late-time cosmology are not affected by 
dilaton interactions, in view of the fact that it can affect 
masses and coupling constants and other parameters at 
late times. This has motivated a search for mechanisms 
that can account for the dilaton decoupling. 

A mechanism has been proposed in the pre-big-bang 
scenario |^ which exploits symmetries that are particu- 
lar to string theory. The starting point is the tree level 
string effective action for the dilaton and graviton. There 
exist solutions that describe an expanding Universe with 
decceleration. This solution can be related, by means of 
stringy symmetries, scale factor duality and a time rever- 
sal transformation, to a solution which describes a Uni- 
verse that is expanding and accelerating. An attractive 



scenario emerges from these two symmetry-related solu- 
tions in which the Universe begins with rapid expansion, 
i.e. there is a pole driven inflation, with a deccelarating 
expansion at later times, eventually connecting smoothly 
to an FRW Universe. 

Recently, some attention has been focussed on the in- 
vestigation of the cosmological aspects of the p-branes 
that arise as classical solutions of string effective actions 
or those of supergravity theories [6-14]. It is found that 
these solutions can be classified into two broad catagories, 
depending on whether the solution is supported by field 
strengths carrying electric charges or magnetic charges. 
In some cases, dualities can relate the two kinds of so- 
lution. Although the field equations appear to be quite 
complicated, even in the cosmological context where the 
fields depend only on time, nevertheless wide classes of 
exact classical solutions can be obtained. In fact the 
equations of motion can be cast into the form of one- 
dimensional Liouville or Toda equations [9-11]. In par- 
ticular, in certain cases one encounters the SL{N + 1, H) 
Toda equations [0,|ll[. Later, we shall show that this can 
be extended to the En Toda equations. 

Since one would like to understand the evolution of 
the Universe at very early times, it is natural to con- 
sider string cosmology in a quantum framework. One 
approach is to solve the Wheeler-DeWitt (WDW) equa- 
tion in a minisuperspace , and to examine the properties 
of the solutions ||l5|-17|]. One of the interesting applica- 
tions of quantum string cosmology is to provide a resolu- 
tion for the graceful exit problem, since no-go theorems 
have established that it cannot be resolved in classical 
string cosmology in the pre-big-bang scenario uM . 
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The purpose of this article is to explore further the 
cosmological solutions of string effective actions in the 
presence of generalised gauge potentials, and to examine 
their properties. First we review the classical solutions 
and then we study them at the quantum level. We shall 
show that formal solutions to the WDW equation can de- 
rived in an elegant manner in the minisuperspace model. 
We shall present explicit solutions in some simple cases 
as illustrative examples. 

In perturbative string theory, there are global symme- 
tries, including the extensively-studied 0{d,d) T-duahty 
symmetry. This symmetry makes it possible to solve the 
WDW equation in many cases, allowing the wave func- 
tion to be completely classified by the 0{d, d) quantum 
numbers . We shall analyse the WDW equation for a 
wide class of cosmological models that arise in the low- 
energy effective string theory. The organising symmetry 
that naturally appears in these cases is SL{N + 1, R) or 
E]^; the 0{d,d) symmetry is not manifest here since we 
use Poincare duality to write down different form fields 
that appear in the models. In what follows, we shall dis- 
cuss how the SL{N + 1,11) symmetry helps us to solve 
the WDW equation in minisuperspace. 

The paper is organised as follows. In section II, we 
discuss the different cosmological models that arise nat- 
urally in string theories or M-theory in their low energy 
limit. In particular, in sections IIA, IIB and IIC we re- 
view the single-charge, multi-charge and SL(3,Ii) Toda 
models that have been analysed in detail in pT] . In sec- 
tion IID, we present a new class of En Toda models. In 
section II, we also introduce the notion of canonical trans- 
formations which map sets of interacting classical equa- 
tions into sets of free equations. This, in turn, allows one 
to solve the equations of motion in a very simple manner. 
The quantum version of this canonical transformation is 
introduced in section III with the help of an intertwining 
operator closely following the work of This opera- 
tor maps an interacting quantum theory to a free theory 
through a set of non-unitary transformations. This prop- 
erty of the operator is then exploited to solve the WDW 
equations of some of the models introduced in section II. 
We conclude the paper with a discussion of Brans-Dicke 
theory extended to include form fields. In particular, we 
show that solutions of the classical equations of motion 
and also the solutions of the WDW equation can be ob- 
tained from the models discussed in section II and III 
by simple rescalings and redefinitions of fields. In an ap- 
pendix, we consider classes of p-brane solutions that are 
closely related to the cosmological En Toda models. In 
particular, we show how to solve the En Toda equations 
for extremal (D — 3)-branes, taking a simplifying trun- 
cation to the D4 = 0(4, 4) Toda system as an explicit 
example that has not previously been presented in the 
literature. 



II. COSMOLOGICAL MODELS WITH NS-NS OR 
R-R FORM FIELDS 

The effective low-energy limits of string theory or M- 
theory compactified on tori give rise to maximal super- 
gravities in lower dimensions. In many cosmologi- 
cal solutions were obtained and analysed. These included 
single-charge, multi-charge and SL{N+1, R) Toda mod- 
els. It was found that the classical equations of motion 
could be reduced to a set of Liouville or Toda equations. 
In sections IIA, IIB and IIC we review these models and 
also, in section IID we introduce a new class of models 
which are En Toda cosmological models. We also in- 
troduce a set of canonical transformations which, at the 
classical level, mapss the Liouville or Toda theories to 
theories governed by free Hamiltonians. 



A. Single-charge cosmological models 

The simplest cosmological model in D dimension in- 
volves the metric, a dilaton and an n-rank field strength 
Fn The action is given by 



5 = 



where the constant a can be parametrised as p7 



= A- 



2(n- l){D-n - I) 
D-2 



(1) 



(2) 



We will assume that all the fields depend only on time. 
The background metric is assumed to have the form 



ds' = -e^^'df + e^^drs^ + e^^'dy^'dy'^ 



(3) 



where ds^ represents the p-dimensional metric on the 
spatial section of a d-dimensional spacetime, with d = 
p + 1. We shall consider spatial metrics of the maximally- 
symmetric form 



dr = 



dr^ 



1 — fcr^ 



r'^dV? 



(4) 



where d^ is the metric on a unit (p— l)-sphere. Without 
loss of generality, the constant fc may be taken to be equal 
to 0, 1 or —1, in which case the metric ds^ describes flat, 
spherical, or hyperboloidal spatial sections respectively. 
In (|^), TO runs over q dimensions so that I? = 1 + p -|- 
In the gauge U = pA + qB, the action reduces to 



dt [ ($) 



2 2q{D - 2)a^ 



p — 1 P — 1 

- AA^e* + 2fcpA(p - 1)6^^] . (5) 



In writing down this action, one can us either of two 
ansatze for the field strength Fn that are compatible with 
the symmetries of the metric (ph , giving rise to electric or 
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magnetic cosmological solutions. In the electric solutions, 
the ansatz for the antisymmetric tensor is given in terms 
of its potential, and in a coordinate frame takes the form 



A. 



mim2 ...rriq 



mim2...m„ i 



and hence 



(6) 



(7) 



where / depends on t only. For the electric solutions, we 
have p = D — n,q = n—l. For the magnetic cosmological 
solutions, the ansatz for the tangent-space components 
for the antisymmetric tensor is 



F — Ap~P"* f 

^ aia2...ap ^aia2...ap ; 



(8) 



where A is a constant. Thus we have p = n, q = D — n—1. 
In the action , X,Y and $ are related to A, B and 
in the following way: 

X= qB + {p-l)A, 



Y= B 



ea{D - 2) 
eacj) + 2qB . 



(9) 



Here e = 1 is for electric case and e — —1 for the magnetic 
case. Note that in the electric case, the constant A arises 
as the integration constant for the function / in (|^). 
The equations of motion for X, $ and Y are 



X + k{p-lfe^^ =0 , 



1 



AA^e* - , 



2 

f = 



(10) 



The variation of the action (|I|) with respect to the lapse 
function \/ provides the canonical constraint: 



AA^e' 



j^2^$ , 2q{D-2)a^ 
2pA 



Y' 



p-l 

2 , n7,„A^„ 1^„2X 



p-l 



X^ + 2kpA{p- l)e^ 



(11) 



Since X and $ both satisfy Liouville equations, it is 
straightforward to solve these equations directly: 



^ cosh(Pxt) 



if fc = 1: 



X 



p-l 

. Px 

-Pxt , 



^ sinh(Px<) , if k 



if fc = 0, 



(12) 



where Px is an arbitrary constant. Similarly the solution 
for $ is 



2F$ 



(13) 



where P^ is again constant. The solution for Y may be 
taken to be simply 



Y = -Pyt . (14) 

The constraint (O) therefore implies that 



p2 _ pAP| - q{D - 2)a2p2 



(15) 



2{p-l) 

The Hamiltonians for the fields X , $ and Y are given by 
Hx = lp'x + lkip-lfe'^ , 



1 



-P 



Y : 



(16) 



where Px , -P$ and Py correspond to momenta conjugate 
to X, $ and Y coordinates. Notice that the solutions for 
X, $ and Y can be cast in a different form in terms of 
their phase-space variables. For example, when fc = 1, 
the solution for X can be written as 



p — 1 
= — : — coshX, 

Px 

Px = -PxtanhX , 



(17) 



where X = Pxt. In fact, these equations can be viewed 
as a canonical transformation from the interacting Liou- 
ville system, with phase-space coordinates {X,Px), to a 
free system with phase-space coordinates X, Px with the 
Hamiltonian Hx = \Px^ by re- writing ( p7| ) as 



Px = {p- l)e^ sinhX 
Px ^{p~ l)e^ coshX 



(18) 



The generating function F{X, X) has the following form 
F(X,X) = (p- l)e^sinhX , (19) 



such that 



P: 



X 



dF 
dX 



P 



X 



dF 
dX 



(20) 



These are the same equations as in ( p^ ) . Obviously, since 
iJ$ has also the same structure, a similar set of canonical 
transformations will also bring it to a free Hamiltonian 
form. Thus by solving a set of free systems and using the 
canonical mapping (p^, we can generate the solutions 
of the interacting theory given by the action (|^). As we 
shall discuss in section III, these transformations can be 
implemented in the quantum version of the model. This, 
in turn, will allow us to solve the corresponding WDW 
equations in a straightforward manner. 



B. Multi-charge cosmological models 

Multi-charge solutions in D-dimensional maximal su- 
pergravity can be described by the truncated action 



3 



s 



1 



N 



2n\ ^ 



^a], (21) 



when the dilaton vectors for the set of N field strengths 
Fa of rank n > 2 satisfy the dot products 



M, 



2(n- 1){D 



1) 



D-2 



(22) 



The maximum value -/Vmax for N depends on the rank of 
the field strengths, and on the dimension D. For example 
for 2-form field strengths, N^nax ~ 2 for 6 < D < 9; 
N^^^ = 3 in D = 5; and A^,„ax = 4in3<i:'<4 As 
before, we define fields 



X=qB + {p-l)A. 

p-1 V- 



Y=B . 

$Q= -etpa + 2qB 



(23) 



where ipa = Ca ■ (j)- The solutions of the equations of 
motion that follows from the action ( pT| ) in terms of these 
fields are (see for details) 

-X cosHPxt) , if fc = 1; 

" j ^ sinh(Pxt) , if fc = -1; 
X = -Pxt , if A: = , 



2P<i,„ 

Y = -Pyt , 



cosh(P$^t) 



(24) 



where Aq is the charge associated to the form field Fa 
and Px , P'S'c 7 Py are constants satisfying the following 
constraint: 



2pAp2. _ 2q{D - 2)a2p2 
A(p-l) 



(25) 



Here A = 4/iV and is given in (|2[). The Hamiltonian 
that follows from (El[) is given by 



H 



where 



8(7(1) - 2)a^ 
(P-I)A 



2A^e*° 



(26) 



(27) 



As in the previous subsection the Hamiltonian ( p6D can 
be brought to a free Hamiltonian, by means of a set of 
N + I canonical transformations which act on the phase 
space variables ($q.,P$^) and {X,Px)- 



C. SL{3,R) Toda cosmological models 

As discussed in , when the space-time dimension is 
D — 2n, the n-rank field strength can carry both electric 
(^) and magnetic (||) charges. In this case, p = n and 
q = n — 1. Making the same gauge choice as before, 
the equations of motion that follow from the action (|l|) 
reduce to 



X + kin~lfe^^ = 

= _g"9i + (l-a)92 
^2 = _g(l-a)«i+a'32 



, 



(28) 



where 



X = {n-l){A + B) , 

' 92 + gi - 2 log((n - l)Ai A2) 



B = 



4(71-1) 
a 



(29) 



(92 - qi) 



2(n-l, 
and the constant a is given by 



1, Ai 
-log — 
a A2 



(30) 



2 2(n-l) 2(n-l) 
The first-order constraint in this case reduces to 

kc^ifi + 92) + (1 - ")9i92 + e"9i+(i-")9^ + e^^^+^i-")'! 

2n{X^ + k{n^l)^e'^^) . (31) 



In (P8|), Ai and A2 correspond to electric and magnetic 
charges. In particular, the choice Ai = A2 will correspond 
to a self-dual cosmological model. Although for a generic 
value of a the equations seem not to be integrable, when 
a — 2 equation ( ^8| ) reduces to the SL{3, R) Toda equa- 
tions, which can be exactly solved. This value of a can 
arise for a 2-form field strength in = 4, with A = 4. 
The Hamiltonian of the (gi, (72) system can be writtrn as 



1 



(«1.92) 



{P^ 



Pl + p.p^) 



g2qi-g2 _j_ g2(j2-<?l 



where Pi , P2 are the momenta given by 

Pl = 2qi - q2 , p2 = 2(72 - 91 



(32) 



(33) 



As in the Liouvillc case, there exists a set of canonical 
transformations which maps the above Toda Hamiltonian 
to a free Hamiltonian. The mapping is given in [ pO| : 



Pl(Pl-P2) P2(Pl-P2) P1P2 

p-92 p(-9l-'j2) 



Pl(Pl-P2) P2(Pl-P2) P1P2 



(34) 
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and 

(2Pi + P2)e-'>' 
{2P2 + Pi)e-''' 



92 



Pl{Pl-P2) P2{Pl-P2) 

{Pi + P2)eS-^^-i^) 
P1P2 

{2Pi^P2)e-9^ ^ {2P2~Pi)e- 

Pl{Pl~P2) P2{Pl-P2 

{Pi + P2)e<g^+'?^) 
P1P2 



■132 



(35) 



With this transformation, in terms of the new variables, 
the Toda Hamiltonian reduces to a free Hamiltonian of 
the form 

Hi^.,^.)^liP? + Pi-PiP2) ■ (36) 



D. En Toda cosmological models 

Maximal supergravities in D dimensions coming from 
the toroidal compactification of eleven-dimensional su- 
pergravity have Eh^d global symmetries. It is natural 
therefore to expect that there might exist p-brane or cos- 
mological solutions that arise as solutions of the E^q Toda 
equations. It has been observed that the dilaton vectors 
for all the axions are precisely in one-to-one correspon- 
dence with the positive roots of the En^o algebra. In 
particular, the simple roots can be taken to be and 
0123 pll . Thus in all dimensions we may summarise the 
information about the dot products of the dilaton vectors 
for the full sets of axions by the Dynkin diagram: 



hi2 
o 



023 
O 



634 

o 

I 

o 

ai23 



645 
o 



"56 
O 



^67 
O 



^78 
O 



Table 1: The dilaton vectors and 0123 

generate the En Dynkin diagram 



In each dimension D, the diagram is truncated to the 
part that survives when only the simple roots with indices 
i < 11 — _D are retained. 

It is straightforward to verify that when the ax- 
ions take the standard electric or magnetic ansatze, 
the full Lagrangian can be consistently truncated to 
one of the form ( pl| ) with the N field strengths Fa — 



(123) .7-(12) T-(23 











.), and associated dilaton vectors 



given by Cq = (0123, 612, &23, •• ■)• Now the dilaton dot 
produts Map are no longer given by (^); instead Map 
is precisely the Cartan matrix for En- We shall now 
show that this has the consequence that the equations 
of motion of the system can be cast into the form of the 
one-dimensional Eiq Toda equations. To do this, we first 
consistently truncate the Lagrangian further to 

N 

e'^£ = R-^ J2 {M~^)apd^,^ad"^p 

a,P=l 

N 

-i^e^°(9Xa)\ (37) 

a=l 

where ^Pa — Ca- 4>- We shall discuss the electric solutions 
in detail, for which p = D — 1 and q = Q. (The discus- 
sion for the magnetic solutions is analogous.) The metric 
ansatz in this case is thus given by 



(38) 



where ds^ is again the metric on the spatial sections, 
typically taking the form (^. It is convenient to make 
the gauge choice U ^ {D — 1)A, which implies that the 
equations of motion can be written as 



A + k{D-2)e 



2{D-2)A 
' 1 \ " 



K exp(5 2^ Map^p) 



(39) 
(40) 



where — ~2^^(Af ^)apfp, together with a first- 
order equation 



i Map + ^ A2 exp(i J2 Mcp^p) 

ap a p 

= 2{D - 2){D - 1){A^ + A:e2(^-2)A) 



(41) 



Defining — Qa — 4^^(M ^)ap log(A^) to remove the 
charges, the equations for then become 



q2 = -e2'?2-'?3 



93 
97 



j,-l72+2(?3-g4 

p-<36+297-gs 



94 



p-9l-g3+2(j4-95 

,-(}5+2g6-97 

,-97+2iJs 



(42) 



These are precisely the Es Toda equations. Here we 
present only the Es case, since the lower cases for En 
with N < 7 are obtained by straightforward truncation. 
(In fact an alternative truncation can instead be made 
that reduces the Es Toda equations to the SL{N+1, R) 
equations that were discussed previously 0.) The left- 
hand side of the first-order equation (^) is the Hamilto- 
nian for the Toda equations (H2h, given by 



(43) 



aP a p 
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The right-hand-side of the equation ( |4l| ) is a constant, 
given by 2{D — 1)P^/{D — 2), since the function A, sat- 
ifying is given by with X ^ 2{D - 2)A. Thus 
the first-order equation means no more than that 
the Hamiltonian is a conserved quantity, given by 



n = 



D-2 



(44) 



III. THE WHEELER-DEWITT EQUATION 

Recently, there have been attempts to solve the WDW 
equation in string cosmology and study its implications. 
Let us now construct the WDW equations for the string 
cosmological models that we are considering in this pa- 
per. We recall that the classical equations of motion, 
which correspond to interacting Liouville or Toda sys- 
tems, can be reduced to free field equations after imple- 
menting the canonical transformations discussed in the 
previous section. In fact it has been shown that these 
classical transformations can be extended to the quantum 
level. This is achieved by introducing intertwining opera- 
tors, which implement the canonical transformations on 
the quantum mechanical operators and wave functions 
pO| . In what follows, we explicitly construct the inter- 
twining operators for the cosmological models that have 
been discussed in sections IIA and IIB, and we use these 
to obtain solutions of the corresponding WDW equations. 
We end this section with the analysis of some of the solu- 
tions of the WDW equations, by imposing proper bound- 
ary conditions on the wave functions. 



A. Intertwining operators and the solutions of 
WDW equation 

The canonical transformation between the classical Li- 
ouville and free theories that have been discussed in the 
previous section can be implemented at the quantum 
level. This is done by introducing intertwining opera- 
tors poll which generate canonical transformations on the 
quantum operators and on the wave functions. In order 
to construct such operators we first focus on the simplest 
of all the models that have analysed in section II, namely, 
the cosmological model with a single charge. 

In order to proceed, let us first concentrate on Hx 
given in ([l^). It is known that there exists an operator 
Cx which transforms the Liouville Hamiltonian to a free 
one pQ|. In particular. 



CxHxC^^ — H 



X 



(45) 



As a result, the wave functions tjjx and ijjx of the Li- 
ouville and free theories are related by -0 = C^^^- The 
operator Cx has been constructed in and takes the 
following form: 



Cx = 'P(p-i)sinhxPx^^'^lriX , 



(46) 



where each of the constituent pieces has the following 
action: 

Vinx: X^lnX, Px ^ XPx , 
Ix: X^Px , Px^-X , 
Px' ■■ Px'XPx , Px^Px , 

^(p-i)sinhx : A ^ (p- l)sinhA , 
Pxcosh^^A 



Px 



p-1 



(47) 



Taking into account the commutation relation [Px , X] = 
— z, it is immediate that the combined action of ( |47[ ) is 
to map the Liouville Hamiltonian Hx to the free Hamil- 
tonian Hx = \Px- Similarly, the operator Cx has the 
following action on the wave function ]20t : 

.^fc^ _7Vfcif,fc(e^) , (48) 



C~x' 



where Kik is a modified Bcssel function. Owing to the 
fact that the canonical transformation described by Cx 
is non-unitary (as it must be, since the Liouville theory 
is not simply equivalent to the free theory), the normal- 
isation of the transformed wave function is not just the 
same as the normalisation of the free wave function. It 
can be determined by calculating the effect of the trans- 
formation on the Hilbert-space inner product, leading to 
the resuh 



1 



Nk^ - \j2k sinh(7rfc) 

TT 



(49) 



Now consider the WDW equation, which is simply 

i7*(A,$,y) = . (50) 
Here the total Hamiltonian of the system is given by 



H — Hih 



2q{D - 2)a2 2pA 

-Uy -J^x 



p-1 



p-1 



(51) 



It is clear now from the structure of the Hamiltonian 
that the wave function Vl/(A, $, Y) will have the following 
form: 



(52) 



where ^ x and ^E'^ depend on X and $ respectively. Fol- 
lowing our previous discussion, there is an intertwining 
operator which will convert the interacting Hamiltonian 
H to a sum of free Hamiltonians. It is given by 



C = P{p-l)smhxPx^^xPlnxP^Xsinh<S>P'S> ^^'S>Pln<S> 



Its action on the Hamiltonian is 



CHC-^ = H^ 



2q{D - 2)a^ 



Hy - 



2PA - 

p-1 



H^ 



(53) 



(54) 
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It is now easy to read off the action of C on the wave 
functions: 

1 



vI/(X,y,$) 



X K., 



where A''^^ and Nk^ are momentum-dependent normali- 
sation constants which can be determined from (|49|). 

So far, we have been discussing the case k = 1. Fol- 
lowing similar arguments, we can also study the WDW 
wave function for an open universe, for which k — —1. 
In this case, the analogue of (E^ is 



(55) 



VlnX 

Ix ■■ 

p-1 . 



X 

X 
: X - 

1) coshX 



InX , Px ^ XPx , 
Px , Px^-X , 
^ Px^XPx , Px Px 
: X ^ {p-l)coshX , 

Pxsmh^'^X 



P 



X 



p-1 



The operator C is now 



Cx = ^(p- 



1) coshX^X 



Px^IVm 



X 



(56) 



(57) 



whose action on the wave functions can be evaluated us- 
ing similar methods to those decsribed in |2^, which we 
used above in the k — 1 case. 

We shall not discuss the fc = case in detail. Following 
the above discussion, the structure of the wave function 
is also easily obtained in this case. 

Consider now the multi-charge cosmological models 
discussed in section IIB. As we saw, by proper choice 
of variables the Hamiltonian can be brought to the form 
of a sum of A^-|- 1 Liouville equations, together with a free 
part, as given in equation (|7|). Thus, following the above 
discussion, one can immediately construct the quantum 
intertwining operator C for this case. For fc = 1, it is 



(p-l)sinhX^X 



P^'lxVlnX 



n '^^/AX sinh 'Pin < 



(58) 



The action of C on the wavefunction 5* is again easily 
read off: 



^{X,Y,<i>) = 



1 



NkxKi(p^i)kx{e )e 



ikYY 



2tt 

U^k, 



\fK\ki 



(59) 



and the normalisation constants A^i.„ and Nh. can be 



determined from ( |49[) . 

We shall not discuss the fc = — 1 and fc = cases seper- 
ately here, since the wave functions can be obtained eas- 
ily by following the previous discussion. We should like 
to mention here that for the case of the SL{3, R) Toda 
model, the intertwining operator can also be constructed, 
by generalising the transformation of (jsj) at the opera- 
tor level [ pO[ . The corresponding wave function can also 
be computed. 



B. Analysis of WDW wave functions 

Here we analyse some of the solutions of the WDW 
equation discussed in the previous subsection, by impos- 
ing proper boundary conditions on the wave functions. 

In order to study the solutions of the WDW equation 
obtained above, we first note that it is necassary to spec- 
ify the intial boundary conditions. When we look at the 
classical cosmological solutions given in Sec II, we see 
from (12) - (|l^), that one has to specify p, Px, A, a, 
P$ and Py. Furthermore, we have to choose the value 
fc — —1, 0, or 1. We shall present two specific cases to 
illustrate how we can obtain explicit solutions, and then 
discuss their properties. 

Let us consider the string effective action in D — 10, 
such that p = 3, q = 6, = 1 and A = 4. Furthermore, 
we look at the magnetic sector of this NS-NS case, and 
so e = —1; see equations (^ - (||) for definitions of the 
parameters we specified above. We shall take fc = from 
now on. The solutions correspond to 

X = -Pxt, Y = -Pyt, e^^'f' = ^ cosh(F$t -I- 7) , 

(60) 

where </> is the dilaton. Note that for the case at hand, 
the coupling constant of the theory is identified to be 
gs = e~'^. We recall that the integration constants satisfy 
the constraint 



Pi = 3P| - 12P2 



(61) 



as is evident from eq.(15). Instead of examining the two 
parameter problem, (note that we can set 7 = without 
any loss of generality and keep A as an arbitrary pa- 
rameter) let us look at two cases separately with specific 
choices for the value of the parameters. 



CASE I: 

Let us first consider the case when Py = and Px < 0. 
Then it follows that Px 
where 



and U ^ 3A + 6B, 



63 



A ~ 4 

^^cosh(P$i)e' 

^-cosh(PAi)e" 
P<P 



(62) 



Now, let us examine the behaviour of , and for 
t ±00 



We see that as t 



+00, e 



-00 and as t 



(63) 



-CX), 



0. We can define a comoving time as follows: dr — 
e^dt. Therefore, < r < 00 since —00 < t < 00. We 
can define two scale factors, Ra and Rb respectively, 
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as Ra = and Rb = ■ Notice that for large r 
R T°' ,0 < a < 0. We also note that for r ^ and 
T ^ oo this scale factor tends to oo. The other scale 
factor Rb tends to zero in these two limits. Note that 
R'a ^ and R'g < in this case. Since e"*^ is the 
coupling constant for this magnetically-charged case, we 
see that for r = and t = oo, we end up in the strong 
coupling phase. 

Let us look at the wave function obtained from the 
solution of the WDW equation. The Bessel functions of 
our choice are: 



(64) 



where the normalisation constants are determined from 
( p9| ) as usual. We recall that for t ±oo, $ ^ 0; and 
from the relation between $ and dilaton cf), we also know 
that the coupling constant e""^ diverges in this limit. The 
wave function 



(65) 



is obtained in the limit when the scale factor A tends to 
large values and $ tends to zero. 

CASE II: 

Let us consider another interesting case when Py is 
non-zero and P$ = 6Py . The constraint equation implies 
that Px = ^4:Py, for which we shall choose the plus sign. 
Note that for this choice we have 



as i — > oo. In the limit of t 



e 2 



-oo, we have 



(66) 



(67) 



and it is easy to see that i?^ is positive and R'^ is neg- 
ative. When we consider the wavefunction for this case, 
namely \E'(X, F, ^f), in the limit when $ — » 0, it has the 
form 



*(X,r,$) = NxNyN^e 

r(12iAPy)e-i2'^^^* 



4:iPY X ^iPy ^12i\PYln2 



(68) 



CASE III: 



Now we consider the situation when there is non-zero 
spatial curvature, corresponding to fc = — 1. For the sake 
of simplicity, let us choose Py = and therefore, from 
the constraint equation, we have Px — ±--^P$. We shall 
again choose the plus sign. It follows from the solutions 
of the equations of motion that e'^ has a singularily at 
t = 0. If we extract the two scale parameters: Ra = 
and Rb — we find that Ra is singular at t = and 
Rb is not. Furthermore, $ constant as i — *■ 0. Now 



let us look at the t ^ oo limit. We find in this case 
that Ra oo, Rb — > and $ ^ 0. We can extract the 
wavefunction in these two limits from the behavior of the 
Bessel functions. 

When t ^ 0, the wavefunction takes the form, 

^iX,Y,^) = NxNyN^^—e-^Kaxp^{e^) (69) 

where Z = Note that in this limit the argument of the 
Bessel function takes a finite value. In the other limit, 
i.e. f — > 0, we find that and $ tend to zero, and so we 
must take limits in both of the Bessel functions. Thus 
the wave function is 



r(i— P$)e2'^-f'*'"2 
v3 

r(2iAP$)e2*^^** 



(70) 



IV. GENERALISED BRANS-DICKE MODEL 

In the cosmological context, one of the extensively dis- 
cussed models is the Brans-Dicke (BD) model Al- 
though at late times it reduces to Einstein's gravity, at 
early times its behaviour is very different. This is essen- 
tially because of the presence of a scalar which couples to 
the metric in a non-trivial way. Here, we are interested in 
a similar model, but extended to include different form 
fields. A sub-class of such models has previously been 
analysed, for example in [2^-|2^. The action for the the- 
ory is given by 

5 = 1 dPx^ge-'i'\R - c.(90)2 + ^e^^P^j ^ (7^^ 

where the constant lo is known as the BD parameter. 

We would like to show here that starting from the ac- 
tion (|l]), and then properly rescaling the metric and re- 
defining various fields, we end up with an action of the 
form (^ . Thus the solutions of the classical equations of 
motion of the generalised BD theories can simply be ob- 
tained from our analysis in section II. Furthermore, the 
solutions of the WDW equation in the mini-superspace 
will follow simply from those in section III, after making 
the necessary field redefinitions. 

We begin with the action ([|), which is written in the 
Einstein frame. After rescaling the dilaton according to 



(72) 



we get 



S = / d^x^[R - ( 



D - 1 
D-2 



(73) 
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Here w is a constant and b — cl\J~{ 
the further metric rescahng 



D-l 
D-2 



- oj). Now, after 



(74) 



we get (0), with c = 6 + 

As mentioned earher, the action (|7l| ) has been anal- 
ysed for D = 4 and n = 3 in p^-|25|], and its cosmo- 
logical properties have been studied. However, following 
our previous discussion, it is immediate that cosmolog- 
ical solutions of (j?^) can be obtained by simply taking 
the solutions of section II and scaling the fields as in 
( [Z^ ) and (0). As the procedure is straightforward, we 
will not carry it out here. However, we should like to 
make the following comments. In most of the solutions, 
the dilaton field becomes singular at some value of the 
proper time. Moreover, since the field scalings in ( [74[ ) in- 
volve the dilaton, the cosmological properties of the BD 
metric will be considerably different from those seen in 
section II. 



V. CONCLUSIONS 

In this paper, we have analysed some of the cosmologi- 
cal models arising as solutions of the low-energy effective 
actions of string theories or M-theory. These solutions 
involve time-dependent metric tensor, dilaton, and anti- 
symmetric tensor fields. The ansatz and conventions of 
Ref. were used in constructing general solutions. As 
is well known, the maximal supergravities in D dimen- 
sions, which arise from the toroidal compactification of 
eleven-dimensional supergravity, have En^jj global sym- 
metries. We showed that in certain cases the equations 
of motion can be cast in the form of the one-dimensional 
Epf Toda equations. This was demonstrated explicitly 
for the maximal Eg, case. 

We then studied some of the simpler cosmological 
models (which are related to the Liouville equation) at 
the quantum level, by obtaining the solutions of the 
Wheeler-DeWitt equation in a minisuperspace approx- 
imation. The WDW solutions were obtained using the 
techniques described in pO| ] . This involves constructing a 
quantum-mechanical canonical transformation that maps 
the Liouville theory to a free theory. The Liouville wave 
functions are then obtained from the free wave functions 
by means of intertwining operators. We presented so- 
lutions of the WDW equations in several cases, where 
we discussed the initial boundary conditions and stud- 
ied the evolution of the wave functions. We showed how 
the wave functions relate different domains of the theory, 
and we studied their asymptotic behaviour at large times. 
We also briefly discussed generalised Brans-Dicke theo- 
ries including higher-degree field strengths, and showed 
how they can be related to the our framework. Finally, 
in an appendix, we studied the Epf Toda equations for 
{D — 3)-brane solitions, which are closely related to the 



En cosmological models, and showed how they may be 
solved in the extremal limit. The case of the D4 — 0(4, 4) 
Toda equations was presented explicitly. 
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APPENDIX A: EXTREMAL En TODA 
P-BRANES 

In section 2, we showed that wc can obtain cosmologi- 
cal solutions supported by 1-form field strengths, whose 
equations of motion can be cast into En Toda equations. 
One-form field strengths can also support electric instan- 
ton or magnetic (I?— 3)-branes. In this appendix, we shall 
discuss extremal E^ Toda instantons or (D — 3)-branes 
using the same set of field strengths discussed in section 
2. (Note that the non-extremal p-branes are equivalent 
to cosmological solutions that we discussed in section 2, 
after certain Wick rotations are performed and we 
shall not consider these here.) The Lagrangian is given 
by (|3^). We shall first consider magnetic {D — 3) branes, 
with the standard metric and field strength anatze 

ds^ = rj^^dx^^dx" + 2^('^)(dr2 + r^dO^) , 
Xa = 4g„^ . (Al) 

The extremal condition implies that B = —^/'^J^a^a, 
with = -2^^(M-' 
can be then written as 



-xfjLPl3. The equations of motion 



Q,/3 



(A2) 



with extremality implying that its Hamiltonian 
n = 4^(M"i)„/3Pc.P/3 " ^exp(i^M,/3g^) (A3) 

vanishes. Here a prime denotes a derivative with respect 
io p = logr. 

Note that the positive sign on the right-hand side of 
~^) is the opposite of that in the cosmological equations 
that we discussed previously. Correspondingly, ther e is a 
minus sign in the second term in the Hamiltonian 
whereas in the cosmological case, the Hamiltonian 
is positive definite. This means that unlike in the cos- 
mological case, here we can find simple but non-trivial 
solutions for which the Hamiltonian vanishes 0. These 
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are in fact extremal p-branes, for which the functions 
e~'° can be expanded in terms of polynomials in p: 



En 

ro=0 



(A4) 



The integrability of the Toda equations implies that the 
above series have only finite degrees tIq, which we shall 
now determine. To do this, we first consider the following 
simple ansatz for a particular, special solution: 



(A5) 



where the Cq are constants and i/ = l + cpisa single 
"harmonic" function. Thus we have q'^ — Ua (? i?^^, and 
so by substituting into the Toda equations (A2), we find 
tha t th ey are all satisfied provided that the exponents 
in (A5) are chosen to be 







(A6) 



and that the constants Cq are chosen appropriately. Thus 
in this special case we see that the highest powers Ua of 
p in the polynomials (A5) are given by (A6). In fact this 
special solution corresponds to choosing the charges Qa 
to occur in a certain fixed ratio for which the solution 
reduces to a single-scalar one . More generally, if we 
relax this latter condition, we get solutions of the form 
(A4) for which the number of free parameters is equal 
to the number of charges 0. The degrees Ua of the 
polynomials continue to be given by (A6). The charges 
Qa are related to the values qa (0) of the variables qa at 
p = [i.e. at spatial infinity) by H 



=<Zo(0) 



4(M" 



(A7) 



by 



In the case of Eg,, the Toda equations (A2) are given 



II 

Qi 


— „2gi-(j4 




II 

12 
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<l'i 


= £-92+293 


-94 

•> 


I'l 




-(}3+2g4-95 




95 


— g- 94+295 


-96 

•> 


4 


= 


f 2(26-97 


(A8) 


17 


= g-96+2(j7 


-9s 

•> 


Is 




f29s 





-91 



-93 _ 



-94 



S^3 



36C2C4 -I- 6c3c4 — 36c: 



C1C3 

+ Cip + (3C2C3 - |c3)/9^ -I- C2P'^ 



tAp^ + wi^^p' + mp' 



C1C3 — 36c2 -t- 3C2C3 



+3c^C4 H 

+ (3C3C4 



(ci - 3C2C3 



gV^ — 36C2C4 
h 3c3C4)p 



h4)P^ + C4P' 



'24^3P 



360 



C1C3 

+ (ci 



6C2C^ + + 36C2C4 - 3C3C4 



6C2C3 + - 3c3C4)p - (3C2C3 
3c3C4)p^ - (C2 + C4 - gog; 



.3„4 
8^3 



(A9) 



6ciC2c3 -I- iciCo -I- |C2CI 



32 '-3 

+ (|C2C^ - lc,4 
„2 



2I6C2C3C4 
- 2I6C2C3C4 



45C2C3C4 

- ^44 



216C2C4 — 36C2C3C4 



-216c24)p 

32 ^3 



[1844 



+4^4 + 18C2C3C4 - 3C3C4 -t- iscsc^ 



3 2 '^1*^3 
5, 



IC24 



3C4JP 

2C1C3 2^2t-3 -I- 24^-3 

' 2C3C4 -I- \2cz4^p^ + (3c^ 



+ (12c2c3 - 
-I-I2C2C3C4 

-)-3c4 - iciC3 -I- ic2C3 -I- 3C2C4 - \(?^Ci)p'' 
+ t-^20'^l + 20*^223 + 240'^3JP + 720'^3^ 



J_r3/,7 _i 1 ^2 8 
"180*^3^ + 480 "^3^ 



240 
2160 



^ C3P^ 



^10 



21600' 



where Ci (i = 1, 2, 3, 4) are arbitrary constants. 

The relation between the four arbitrary constants in 
and the four independent charge s in the D4 Toda 
extremal p-brane solutions is given by ( A7 ) . The mass of 
the solution is expressible in terms of the charges via a 
polynomial equation whose degree is equal to the dimen- 
sion of the Weyl group of the Lie algebra characterising 
the Toda equations 0|. In the case of the 1)4 example 
above, this means that there will be a polynomial of de- 
gree 192 relating the mass and the charges. Obtaining 
the relation between the mass and the eight charges of 
the Es Toda p-branes would require a more challenging 
calculation, since the polynomial is of degree 696,729,600. 



From ([Aq), we find that the degrees Ua of the 
polynomials for e^'^" in this case will be Ua = 
{136, 92, 182, 270, 220, 168, 114, 58}. Solving for the 1248 
coefficients aam in terms of the eight independent param- 
eters associated with the eight charges Qa is mechanical, 
but somewhat involved. Instead, we shall just present 
the results for a subclass of solutions, where we truncate 
the system to the D4 — 0(4,4) subalgebra with simple 

roots {0123,^23,^34,645} (see Table 1). This is a new so- 
lution that lies outside the An solutions obtained in 0. 
For the D4 truncation, we find 
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